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Macroscopic slip velocity, macroscopic temperature jump, thermal creep velocity and diffusion 
slip velocity for a mixture of monatomic gases are calculated by using a method developed recent-
ly (modified Maxwell-method) for a general gas-gas and gas-surface interaction law, and for a 
possibly anisotropic surface. The results are expressed in terms of accommodation coefficients of 
first and second order. Specialization is made for a binary gas mixture. For a comparison the 
results obtained by Maxwell's original method and general surface accommodation are given. In 
the case of surface-anisotropy several new slip effects occur. 

I. Introduction 

Since 1967 variational methods are used 1 - 3 in 
the treatment of slip problems by solving the 
linearized Boltzmann equation within the Knudsen 
layer. Without special assumptions on the gas-gas 
intermolecular force law or the gas-surface inter-
action law Loyalka derived simple and accurate ex-
pressions for the velocity slip coefficient, the slip 
velocity in the thermal creep and the temperature 
jump coefficient for a simple gas4 , and for the 
velocity slip 5 and the temperature jump coefficient 6 

for a multicomponent gas mixture, as well as for 
the diffusion slip velocity in a gas mixture5. In a 
further paper 7 Loyalka rederived his results for the 
velocity slip and for the temperature jump coef-
ficient of a simple gas with an approximation 
method, namely by a simple modification of Max-
well's assumption on the velocity distribution of the 
gas molecules impinging on the wall. This method, 
shortly denoted by "modified Maxwell-method", is 
also used by Lang and Loyalka 8 rederiving the ex-
pression for the diffusion slip velocity of a binary 
gas mixture. The final results of Loyalka are 
presented in terms of scalar products involving the 
pertinent Chapman-Enskog 9 solution and an opera-
tor A containing the effects of gas-wall interactions. 

Kline and Kuscer 1 0 '1 7 also derived equations for 
the velocity and the temperature slip coefficients 
for a simple monatomic gas and a general gas-
surface scattering law by a variational method. 
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Moreover, they have solved the equations for the 
Chapman-Enskog solutions with a variational ap-
proximation and represented the results for the slip 
coefficients in terms of a set of accommodation coef-
ficients. As recently 11 was shown, these results are 
in agreement with those gained by introducing the 
accommodation coefficients into the corresponding 
final expressions of Loyalka, and taking into ac-
count the first order terms in the development of 
the Chapman-Enskog solutions with respect to 
Sonine's polynomials. 

In the present paper at first the results of 
Loyalka 5' 6 and an expression for the thermal creep 
velocity for multicomponent gas mixtures are 
derived with the modified Maxwell-method. Gener-
alization is given for anisotropy of the surface. 
The particular slip effects are not treated separately, 
but it is assumed that far from the surface there 
exists a mass flow (in y-direction parallel to the sur-
face) as well as a temperature gradient (with x-, y-
and 2-components). If the surface is anisotropic a 
number of new slip effects occurs, for instance a 
change of the slip velocity caused by a temperature 
jump, and conversely ("crossing"-slip-effects). Even 
if the surface is invariant with respect to rotations 
through 180° about the surface normal, but not 
completely isotropic, there appears a change of the 
thermal creep velocity and the diffusion slip 
velocity due to the z-component of the temperature 
gradient (whereas the mass flow has y-direction). 
Furtheron, the accommodation coefficients are intro-
duced, which are certain moments of the scattering 
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operator A and characterize certain aspects of the 
gas-surface interaction in a compressed form. All 
expressions are compared with those obtained by 
applying Maxwell's original assumption concerning 
the velocity distribution of the incident gas particles. 
Finally, the results are specialized to the case of a 
binary gas mixture. 

In this connection it should also be refered to 
the papers of Cipolla, Lang and Loyalka, who cal-
culated the temperature and pressure jumps during 
evaporation and condensation of a simple gas as-
suming a special gas-liquid surface scattering law 
(with a variational method)1 2 and for general gas-
liquid surface interaction 13, as well as for a multi-
component gas mixture (with the modified Maxwell-
method) 14. 

II. Formulation of Equations 

A multicomponent mixture of monatomic gases 
is considered, occupying the half space £ > 0 and 
bounded by a flat plate located at x = 0. The starting 
point of the analysis is the steady Boltzmann-
equation for the i-th constituent distribution func-
tion fi(i = 1, . .., N) of an ./V-component gas mix-
ture. For small deviations from equilibrium this 
equation may be linearized by introducing the 
relative perturbation & i ( r , C ) of the distribution 
function fi with respect to an absolute Maxwellian 
/io through the definitions 

fi = fx>(l + $i) , (1) 

fio = ni0 2nkT, 
exp (2) 

o/ 2 k T0 

where T is the position vector, C the velocity, m-x 

the mass of an z-molecule, /i?n the density of the 
i-th component at r = 0, k Boltzmann's constant, 
and To the surface temperature at 1* = 0. 

Introducing ( 1 ) , (2) into Boltzmann's equation 
and neglecting terms of higher than linear order 
leads to the linearized Boltzmann-equation 

c - d & i / d r = L ( & i ) , (3 ) 
where 15 

L[$i(c)] = 2 ////j0(c) [^(c') +^(c') 
= 1,..., 2V 

-$i(c) -$j{C)] I C — C ] 6 d& d£ dc . 

The linear collision operator L is Hermitian, 
[fi,L(gi)] = [L(fi),gi] 

with respect to the inner product 

Ui,9i] = 2 f fiofigt dc, i 

where fi and g-t are arbitrary (square-integrable) 
functions of C. 

As a consequence of properties of L the macro-
scopic conservation relations take (correct to first 
order terms) the form, that the divergence of the 
following quantities vanishes. 

TliO Ui = ffio&dr,c) c d c , (4) 
n01* = 2 ni0Ui= [C, < M r , C ) ] , (5) 

i 

Qo q = 2 mi nm Ut = C, <Pt (r, C) ] , (6) 
i 

P = p 0 l + [ m i C C , <Z>i(r,C)] , (7 ) 

[C2c, <Pi(r,c)] . (B) 

In these equations tf; is the mean particle velocity 
of component i, U is the mean particle velocity of 
the mixture, q is the mass velocity of the mixture, P 
is the pressure tensor, and Qt the total flux of 
kinetic energy in the mixture. Total particle density, 
mass density of the z-th component, and mass density 
of the mixture are 

no = 2 ni0 > i 

QiO = minm, 
£ > 0 = 2 ? io , 

i 

the hydrostatic pressure is 

Po = 2 Pio + "o k 1o . 
i 

1 denotes the second-order unit tensor. 
The conductive heat transfer Q c ' measured with 

respect to the velocity tl is given by 

Qc = Qt 5 
kT o kT Q 

-,2 
2 
rtijC 
2kTn 

n0 U 

- — c, $i(r,c) (9) 

Thus, it is seen that in this steady, linear problem 
all mass and energy flows have vanishing diver-
gence. 

III. Boundary Condition 

The boundary condition for is formulated 
with the gas-surface scattering kernel Pi ( c ' - > c ) 
and the scattering operator A-x. Pi (c'—>-C) is the 
probability density that, if a gas particle of the i-th 
kind hits the surface at a certain point with the 
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velocity c ' , this or another gas particle of the z-th 
kind leaves the surface at nearly the same time and 
point with the velocity C within the velocity space 
element dC 16"17. Therefore, Pj fulfills the equation 

cxfi(C) =f\cx' \fl{c')Pt(&-+ C) d c ' [cx> 0) . (10) 

A subscript — (or + ) with the integral sign indi-
cates that the integration is taken over the half-
space c x < 0 (or > 0 ) . Equation (10) represents 
the boundary condition for the distribution func-
tion f i . Pi depends on the properties of the gas 

and the wall (especially of the local temperature of 
the wall). As a probability density P, is non-nega-
tive, and normalized 

fPi(c'-+ c ) d c = l ( c , ' < 0 ) , (11) + 

since adsorption, evaporation and condensation 
phenomena are not considered here. All gas-surface 
scattering kernels satisfy the reciprocity rela-
tion 1 6 _ 1 8 . Written with dimensionless velocities 

V(/) = Vrriil2 k T0 C^ 

the reciprocity relation at r = 0 runs 

\vx'\e~v"Pi(v'-+v) =vxe~v'~ Pi (-V-+-V') (vx > 0, vx < 0) . (12) 

Substituting (1), (2) into the boundary condition (10) at r = 0 and applying Eqs. (11, 12) it results 

#i(r = 0, c) =Ai &i(r = 0, ,c) (cx>0), (13) 
where Ai is the scattering operator given by 

fm(c') \cx\ Ai$i(0, c) = 
/ i o ( c ) c 2 

-Pi(c'-+c) <Z\(0,c')dc' ( c x > 0 ) . (14) 

IV. The Asymptotic Distribution 

To complete the formulation of the problem it is necessary to specify the form of the distribution fi in 
the region far from the surface. In that region (a; —v c«o) /,• is given by the Chapman-Enskog solutions as 

/i.asy = /i ( 0 )(l + ^ ( 1 ) ) , (15) 
where is the local Maxwellian 

I (o) I rrij j 7n,[c-ga8y(r)]2l 
U * r a 8 y ( r ) j exP| 21tra8y(r) 1 ( 1 6 ) 

and is given in1 5 . In (16) T(r) is the temperature, q(r) the mass velocity of the gas mixture, and 
the subscript "asy" refers to the asymptotic continuum region. 

For small deviations from equilibrium linearizing is justified and leads [with Eqs. (1) and (15)] to 

/i.asy (r, c) = fio[l + # i )asy (r, c) ] , 
where 

< * W r , c) =ffi(r, c) + (r, c), (17) 
and 

Pi,asy (!•) - Pio / _ _5_\ Tuy(r) - T0 

n0 2 ) T0 
9i(r, c) = — _ ^ + - f + f ~ qasy(r) c , (18) 

$iM(r,c) = - — 2DlHc)C'd}- —Ai(c)c-x - — B,(c) ( c c - I c 2 l ) . . V W ) . (19) n0 j n0 n0 

Pi(r) is the partial pressure of component i, p,o = p j (0) . In (19) 

x=( l / r 0 )V7 , a 8 y (r ) . 

Substituting Eq. (19) into Eq. (7) it follows 

Pasy = Pasy 1 — 2 /i Sagy , 
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where is the coefficient of viscosity 

M = [Bi(c) (C C — I c2l), m,i(C C — J c2 1 ) ] , (20) 10 n0 

an S denotes the rate-of-shear tensor 15. An in 15, if the factors of the inner products are tensors of the 
same order, the integrands of the bracket integrals contain the appropriate scalar products so that the 
bracket integrals are scalar quantities. 

The spatial dependence of (jfasy is assumed to be nearly linearly. Then the vanishing divergence of P 
(7) leads to 

V Pasy = 0 . 
Therefore, d j does not contain V Pasy: 

= VtPi.asyW/Pasyl , 
where 

2 d ; = 0 . j 

The functions Dj(c), Ai(c) and Bi(c) are the Chapman-Enskog diffusion, thermal conductivity and visco-
sity solutions defined in 15. For instance 

L[Bi(c) ( C C - | c 2 l ) ] = - n0(mi/k T0) ( c c - | c 2 l ) . (21) 
For calculating the slip coefficients and slip velocities it is considerably more convenient to introduce the 
modified Chapman-Enskog functions 14 

DHc) =Dj{c) - (n0k/X') DTJAt(c) (/ = 1 , . . . , N) , 

Ai(c) =Ai(c) - 2 kTjDJ(c), 
i 

where diffusion coefficients D,j, thermal diffusion coefficients Dri, partial or theoretical coefficient of 
thermal conductivity X', and thermal diffusion ratios kTj are defined in 15. 

These modified functions satisfy the relations 

Dij= ~ 1 ffmDMc) c2 d c , (22) 
6 n0 n -to 

0= f fiQ Aj(c) c2 d c = rv ; / n , rrtjC2 5 , 

where 
' - I T " <5 n0 

j / \ , TTliC2 5 . 

(23) 

(24) 

and 

Dij = DH - (n0 k/X')DTi Drj, (25) 
X = I' — n0 k 2 kn Dn, (26) 

i 

Dij = Dji, 2 Q® Da = 0 • 

X is seen to be the coefficient of thermal conductivity of the gas mixture 15. 

Written with the modified functions the perturbation 0 / 1 ) (19) takes the form 

(r, c) = - — 2 DJ(c) c • dj - — A-t(c) c • * - — Bt (c) (c c - £ c 2 1 ) . . V q w ( r ) , (27) 

where the modified gradients have been used as 

dj = d j + j - kTj [x + - f - 2 Dn d , ) , (28) 
X' 

* = T * + x ? T l ' ' 
(29) 
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With the modified quantities the diffusion velocities and heat flux take the simple forms 

Ui - qasy (r) = - 2 Dij dj, Qc'/k T0 = - (Xjk) * . 
i 

Furtheron the following relation results 
f m • 

L[Ai(c) C] = - n 0 f 

859 

mi c4 5 no , i 
2kT0~Y~~hTi]C ni0 

V. Calculation of Inner Products 

(30) 

To find an approximate solution for the extrapolation <Jfasy(0) of the mass velocity to the wall and 
for the macroscopic temperature jump 

£t=[7 , asy(O)-7 1 0 ] / r 0 (31) 
in the vicinity of the surface, the inner products of the perturbation [Eq. ( 1 ) ] and of the asymptotic 
distribution asy [Eqs. (17, 18, 2 7 ) ] with some special functions are considered. Multiplication of 
rriiCC and of ((m, c2) / (2 k T0) - 5 /2) C by $j , a s y leads to 

[in, C C, <£i>asy (r, C) ] = (pasy - po) 1 - 2 ju S a s y , (32) 
and 

^ i , a s y C ) 2 kT, 
X ~ 

T * 
(33) 

whereby the identities (23) , (24) have been used. 
Next the gradients of the inner products of Ai(c) C C and Bt(c) (CC — ̂  c2 1)C with are calculated. 

With (3 ) , the hermiticity of L, and the Eqs. (30) and (21) it follows 

(34) 

(35) 

/ mic2 5 
A2 kT, 2 ni0 

V-^WCC, fy] = — n0 

V - [ ^ ( c ) ( C C - i c 2 l ) C , = 
kTn 

( C C - i c 2 ! ) , ^ 

Evaluation of (34) with the asymptotic distribution <Pj asy instead of using the Eqs. (22) to (24) , 
(26) and (29) leads to 

V • [Me) C C, <Z>i,asy] = n0 (X/k) * . 
With $ i , a s y instead of (35) turns to 

V" [Bi(c) (CC- ic* 1)C, 0 U s y ] = (2 7i0/A; 7*0) Sa s y 
Lastly it holds 

no 

and 

kTi ] C, <£;,asy 
ni0 

= y I * - * ) , 

(36) 

(37) 

(38) 

[Äi(c) c c c , <Z>i;asy] = 3 1 q a s y ( r ) — [ß ; ( c ) c 4 , 2 A J ( c ) 1 d ; + 4 ( c ) 1 x ] , 
5 n0 j 

(39) 

(40) 

where w denotes the symmetric part of the third-order tensor w, and 

[Ai (c) c c , <Z>Usy] = no 4 - a s y ( r 1 - — & ( c ) c 4 ' ] • k 10 15 n0 

The relations (38) and (39) have been derived with the useful general integral theorem 

fF(C)CCCCdC=i/F(C)C4 d C l l , 

where F(C) is any function of C, and 1 1 is the symmetric part of the fourth-order tensor 11 , and with 
the relations 

1 1 a = la, 1 1 . . w = fw + £ ltr ( w ) , 
where U is any vector, w any second-order tensor, and tr (w) the trace (or divergence) of w. 
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VI. Determination Equations 

As in the Kramers problem the gas mixture far from the surface is maintained at a mass velocity 
QasyC'") with constand direction parallel to the furface and constant gradient of normal to the plate. 
This direction of </asy is chosen as the ^/-direction, so that 

o ! V 0 2 ax 
1 3^asy Sasy — 
2 3x 

0 0 

Moreover, the temperature gradient of the gas mixture far from the plate is maintained constant, so that 
37 1 a s y ( r ) /3x is independent of x. V^asyC**) m a y have any direction with normal (x-) and parallel (y -
and z-) components. 

Furtheron, in the whole gas, including the Knudsen-layer, the dependences of the perturbation 
(i = 1, ..., N) upon the coordinates y and z parallel to the surface are assumed to be small enough, so 

that the five expressions Vf "P> V r Q c \ Vt'Ui, V t' [Ai(c) C cx, , 
and \/t-[Bi(c)(Ccy- ^ c2iy)cx, <Z\] 

can be neglected, or are at least independent of x (analogous to Welander's19 original assumption 
for the temperature jump calculation). Hereby V ? denotes the part of the divergence arising from 
differentiations with respect to coordinates parallel to the surface, 

\/t = iyd/dy + i,d/dz, 

and ix, iy, ig denote the unit vectors in x-, y-, z-direction. 
In this case the divergences of the pressure tensor P, the heat flux vector Q c , the mean particle velo-

city Mj, and the vectors [Ai(c)C cx, and [ß*(c) (Ccy — | c2iy)cx, can be replaced by the sum 
of their parts ix(d/3x) and quantities independent of x, for example 

3 
V-Ui 3x U/x + const. 

Then from the discussions at Eqs. (7) and (9) it follows at first that the derivation 
3/3a;[m ; C cx, (r , C ) ] 

of the pressure tensor normal component i^'P-1^, and that one 

3x 
m i c 5 j , T 

2 2 k l [ cx, &i(r, c) 

of the heat flux vector normal coordinate Q'cx are independent of x and can be evaluated by asy . 
The Eqs. (32 ) , (33) lead to 

[rriiCcx, $i(r,C)] = (pasy - Po) - 2 / / S-ASy-h 

tt) cx, &i(r,c) 

and to 
2 kT0 2 

A -
T ** 

k ( c c - | c 2 ! ) , &i(r,c)]-ix = — 2//Sasy• t2 

The shear stress y-coordinate from (43) is 

i , - K ( c c - | c 2 1 ) , 0>i{r, c)]-ix= - ju 

(41) 

(42) 

(43) 

(44) 
3x 7 a s y ' 

It follows from (44) and (35) that iy- [ V ' (^i (c ) (C C - §c2 1)C, ix is independent of x. Hence 
3 / 3 x[Bi(c)c2 cy, (P{] is independent of x and [Z?,(c)cx2 cy , 0 , ] can be evaluated by the use of the asym-
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ptotic solution. With Eqs. (37 ) , (39) the result is 

[Bi(c )c x 2Cy, <2>i(r, C ) ] = 
k Tr 

3 ? a s y 
U —4— X 

dx 
n° — [ # i ( c ) c 4 , 2 Didjy + Ai(c)xy]. (45) Id n0 j + a s y ( O ) -

It follows from before Eq. (4) and the discussions at the beginning of Section VI. that the normal com-
ponent uix of the mean particle velocity U, of sort i can be evaluated by the use of asy . The same is 
valid for the expression [ ( — nju^k-n cx, ^ ( r , C ) ] . Therefore, the Eqs. (42 ) , (38) lead to 

m ; c 2 - 4 - - ^ c ) 2 kTn "iO 
(46) 

It follows from (46) and (34) that V'[Ai(c)Ccx, fP{] is independent of x. Hence, 3 / 3 x [ A i ( c ) c x 2 , 
is independent of x so that [ A i ( c ) c x 2 , is linear in x and can also be calculated by the use of a s y . 
The result is, using Eqs. (36 ) , (40) 

(47) 

According to the assumptions at the beginning of Section VI. 3^a s y djy and xy are constant. 
From (44 ) , ( 45 ) , ( 42 ) , (47) and (31) the following four Eqs. at the wall at r = 0 arise 

o 
[,miCyCx, <Pi(0, C ) ] = - f * - ^ ^asy(^) , 

[Bi(c)cx2cv, ^ j ( 0 , c ) ] = J b L ^ « , ) - — — [ ^ ( c ) c 4 , 2 DMc)div + Adc)xy] , 
kT, 15 n0 

mi c2 5 , , X ~ 
y-r0 5 

[AMc2, 0,(0,C)]=n0(X/k)et, 

where xx0 is the value of xx at x = 0. 

(48) 

(49) 

(50) 

(51) 

VII. Maxwell's Assumption and Modified Maxwell-Method 

Maxwell's arguments amount to assuming 

( r = 0, C) = #i,asy(I* = 0, C) (C*<0) 

for the (first order correction of the) velocity distribution function of the molecules approaching the 
wall. Therefore, with the function 

f l , for c x > 0 , 
V(cx) = 10, for cx < 0 , 

and the boundary condition (13) the whole distribution near the wall at r = 0 can be written 

(0, C) = [i? (— cx) + i y ( c x ) 4 ] ^ i , a S y ( 0 , C) . (52) 

Inserting the ansatz (52) into Eq. (48) gives the macroscopic slip velocity, into Eq. (50) the macro-
scopic temperature jump. 

The modified Maxwell-method, first used by Loyalka7 , and analogously applied for the cases treated 
here, consists in using another distribution function instead of ( 52 ) . For the calculation of slip velo-
city it differs from (52) only by containing an unknown constant ap instead of ^ a s y ( 0 ) , for the calcu-
lation of temperature jump it differs from (52) only by containing the unknown constant a? instead of 
€t in gi (18 ) . The two unknowns <7asy(0) and ap are calculated solving the system of Eqs. (48 ) , (49) ; cor-
respondingly et and ay are calculated with the Eqs. (50 ) , ( 51 ) . 
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The results are of the form 

dgasy (a) 
3a; ?asy(0) = :eEt+ 2 Cj dj0 + £V*0 + C 

y ( 0 ) + 2 I j - d j v + t , + ^ 

(53) 

(54) 

In (53) t is the usual velocity-slip coefficient, the sum of the second and third summand is the sum of 
diffusion slip and thermal creep velocity, and the first summand is a certain slip velocity caused by a 
macroscopic temperature jump and vanishing for isotropic surfaces, as will be seen later. 

£x in (54) is the (modified) temperature-slip coefficient, the other slip coefficients t,iq, , ^ again 
vanish for isotropic surfaces, as shall be discussed in the following. 

Inserting (54) into (53) , the macroscopic slip velocity ^asy(O) can be represented, as usually, depend-
ing only on the forces djo, x0 and dq.xsy (x)/dx; conversely the macroscopic temperature jump et by in-
serting (53) into (54) . 

According to Maxwell's assumption (index M) the equations for the slip velocity and temperature 
jump are 

<7asy,M(0) = 
kTn 

ImiCyCx, ij{cx) (1 - Ai) mi Cy] 
WiCy cx,rj{cx)Ai 2 kT0 2 et 

H [,micycx,r]{cx) (Cyiy-AtC) - (2 D,J(c)dj0 + Ai(c)x0)] 
no i 

+ [mt Cy cx, rj (cx) (1 — Ai) Bx(c)cycx] 

(55) 

ff.M = 

2 kT0 2 
rriiC' 

r c x , iy(c x ) (1 — A/ 
/ m t c2 

M l 
12 kT, 2 / 

5 \ , , . ( m i 1 „ , , 3^asy 
2kT0 2 

CX1 V (Cx) Ai Cy <7asy(0) — — B i ( c ) c x 
Hin lln UI 

f0 7 2 kT0 2 

0 "O 

cx,il{cx) (C x i x +AiC) Dj{c) d 

+ Yiff cx^v(cx) (cxix -AiC)Ai(c) 

The modified Maxwell-method leads to 

?asy(0) = Bi(c)cx2 Cy,rj{cx)Ai 
2kTn 

H o 
M no 

+ ~~~ [ß( (c) 1 C 2 Cy , Yj (Cf) (Cy ly ~ A { C) ' DJ (c) dfi, + 4 (c) XQ)] 
no i 

+ 1 [Bi(c)cx2 cy,t]{cx)(l -Ai) Bi(c)cycx] 3|-y 
nn ox 

+ [mi cy cx,r](cx) (1 - Ai) Bt{c)cy cx] 
9asy,M(0) 

£< = 
k | / mxc2 5 

Xn, ( \ 2 kT0 2 

kT o 

- ~ ) cx,r](cx) (1 -Ai)Ai(c)cx 

+ Ai(c) c2, rj {cx) Ai cy | ~ r ?asy (0) - — 
Kin Tin 

et, M 

Bi(c)cx 
ox 

A{(c)cx2,y(cx) (cxix-Ai c ) - ( 2 DJ(c)dj0 + Ai(c) x0) 
i 

(56) 

(57) 

(58) 
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For the derivation of these four equations the reciprocity relation (12) the definitions (20) and (24 ) , 
and the first equation (23) were used. The slip coefficients in (53 ) , (54) follow directly from the ex-
pressions in (55) to (58 ) . 

VIII. Introduction of Accommodation 
Coefficients 

Corresponding to 1 4 , 1 5 for the modified Chap-
man-Enskog functions the ansatz is made 

UAC)~ 2kT0 p = o %'V f \2kT0 

At(c) = -

Bi(c) = 

m> Y -in) q(p) 
2 kT, 

m 
o p = o 

n-1 
I i 2kTn 2 kT0 p = o n,i 0 

where denotes the Sonine polynomial of order 
n and index v. In a first order approximation it 
follows 

D / ( c ) = 2 n0 2kT0 
Da, 

Ai(c) = - 5 n 
m, A; 

Bi(c) =7Z0 

0 2kT0 kn® 

Mi 

niiC-
2 kT. 

(kT 0 ) 2 71 jo 

(59) 

(60) 

(61) 

where D , and jUi are the first order approxima-
tions of the diffusion coefficients, the thermal con-
ductivity, and the viscosity of the species i, with 
X = 2 , ju = 2! jUi. 

i i 
The functions (59) to (61) are inserted into the 

inner products of Eqs. (55) to (58 ) . The results 
are represented in terms of the so-called Knudsen 
accomodation coefficients, defined by Kuscer 17. The 
generalization of that definition for the case of 
possibly anisotropic surfaces is performed with the 
R-operator: 

\h(—V) for anisotropy of the surface, 
[h (t?R) for isotropy of the surface, 

where h is an arbitrary function of the dimension-
less velocity V, and VR is the velocity reflected on 
the surface: 

V R = ( ~ V x , V y , V z ) . 

The operator Pi is defined by 

Pih(V) =fRPi{V^v')h{v')&v' (^>0) . 

Rh (V) = 

Pi is connected with the scattering operator A-t (14) 
by the equation 

Pi&(0,v) =AiR<P(0,v) (vx>0) , 

following from the reciprocity relation. The applica-
tion of the operator P p for perfect accommodation is 
denoted by a triangular bracket. 

Pph= — f vx exp ( - v2) h(v') d l / = (h) . (62) 
ji + 

In consequence of the reciprocity P; is Hermitian 
with respect to the inner product defined by the 
average (62) : 

(h1Pih2) = ((Pih1)h2), 

where h1, h2 are arbitrary functions. 
The definition of the general accommodation 

coefficient for the species i and the dynamic quan-
tity Qj(V) runs 

_ <T>j,i -
}>* hi 

where 
<T>li = - / vx Qf (vR) fi~(v) dv 

is the normal coordinate of the (^-(UR)-flux of the 
incident z-particles with the velocity distribution 
fr(v), 

&£i=fvxQj(v)fi+(v) d r + 

the corresponding normal coordinate of the 
flux of the reflected i-particles with the velocity 
distribution fi+(v), and the value of for 
perfect accommodation. 

Multiplication of Qj by a constant does not af-
fect a j j , and because of particle conservation (11) 
addition of a constant is irrelevant too. 

Therefore, all Qj can be modified in such a way 
as to make (Qi) = 0. 

Then, if the incident distribution is written 

Rff(V) = —e-*t[l+gi(v)](vx>0) (63) 
a 

(C,: constant), the general accommodation coef-
ficient turns to 

( . 9 i h Q , ) 
aiA9i) =1 -

<(Rgat)Qi) ' 
(64) 
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where the reflected function g i s defined by 

9iR(V) =gi(VR) . 

The Knudsen accommodation coefficient a ^ is the 
special case of (64) for 

gt(v) =eQk(v) 
(e: constant), so that 

„ „ m i l 'Q"'p'Qi) 

As quantities Qh all the polynomials from the 13-
moments method of Grad 16 are used, supplemented 
by v 4: 

Qi = v X - V j i / 2 , Q5 = vxvy, Q10 = vxv2-%\/ji, 

Q2 = Vy, Qß = VXVz, Q\\=VyV2 , 

Q3 = vz, Q7 = Vy vz, Q12 = vzv2, 

Qt = v2-2, Qs = v*-h, Q13 = v* — 6. 
v2-

£M = -TT} 2 ^»(2 — «25,i) » Z /ley*) % 

Zx.q, M = 

= 0 5 

2 J^n* 2 ni0 i J 
44 » 

(53) 

(73) 

(74) 

Su.M = 2 y [2 - g (3 «4,10,8 - «14,i) ] , (75) 

~ 1 h 
Cx.vM = g 2 y (5^4,11,1-^24,/), (76) 

C;„M,M = — 2 ~ Ii ^45,i • 
A U t PiO 

(78) 

Q9 = v 2 - l , 

IX. Results 

The results gained with the modified Maxwell-
method are, with the abbreviations 

- (2 «25,t) j 2 i u 
h With Maxwell's assumption the results for the A\\= — 2 (4 + «14 • — 3 «4 101) 

slip coefficients are, with the abbreviations 4 i ^ 

= 2 y ^44 CA,X,M » 

for the flux of z-particles impinging the surface, 

^22 = 2 mi h «22,» j 
i 

A44 — 2 A* «44,i» 
i 

and 

Zjk,i= ( QjPiQk) > 

C£ = ^25 CE.M + 2 2 ~ ~ ^45,i » 
i ni0 

tjj/ = ^25 CjyM + 2 «25,i A ; » 

•Z i [A 

2 ^ //i 

(79) 

(80) 

(81) 

(82) 

t.,M = 2 V2k To Vrrii / f Z24>j, /a22 i 

Cj,x,M = 0 , 

Cj>2/,M = l L m x h a22,i Dij , A22 i 

z 2 ~ 
C;,2,M = 2 m i A ^23,i A'i > y3oo i 

(65) 

(66) 

(67) 

(68) 

= ^25 CxxM + "77If 2 ~ ~T~ (1 ^5,10,» — ^15,i) 5 

~ 2 if / ; 
Cx.ar.M = — 2 m i T ( I ^2,10,t — Zl2,i) , (69) A22 i K ni0 

= -7— 2 T " — (f «2,11,t - «22,«) , (70) 
•̂ 22 » ^ 

C x , 2 ,M="1—2 mi ~T (1^2,12,1 —^23,i) 5 (71) A22 i K Tift 

Zjz = ^25 CjzM + 7 7 = 2 ^35,i Dij yji i fx 

yji fx k rij0 

' / ( 8 3 ) 

Cxy = ^25 + TA T all,5,i ~ 5 «25,i) » 10 i / / ft n /0 
(84) 

C*2 = ^25 + 2 J ~ L _ j T (I ^5.12,i ~ ^35,i) > ]/jt j // /C n;o 
(85) 

C = A,-0 CM + — 2 — — - j - (2 - «55.i) , (86) vT j juniili 

C/g = ^14 C;.</M + 2 2 T ,i - I ^2,10,») , 
i * PiO 

(58) 
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£Xjx = 0 , (88) 

^Ü« — t/^TVt,— 2 Vmi (1 — Zl2,i)A-/ > yJl K 1 o i / 
(89) 

Velocity-slip coefficient. 
ZjUi(2-a25,i) 

V _ » 
2 / / 2 /»iA-a22,i 2 « i ( i -

«25,i 

= 2 l / / m i (I£3,10,1- — z 1 3 ) i ) , I/71 kToi ' x 
(90) 

+ 
9 2 J V ( 2 - « 5 5 , i ) 
2 v r i m,/» 

— Z m-i U «22,1 7ö ^ 
2 y"»(2-a 2 5 > f ) 
i 

(95) 

1 ^ x,-2 1 / 26 
^ ? l ' l TT I25 \ 1 ~ T ' a i w 

+ f ( 3 - | «i.io.r 
48 _ ^ 
25 4 «10,io,»), (91) 

Modified temperature-slip coefficient. 
1^2-auj) t » 

Cix — 

~ ~ 1 X2 1 

— 5 2̂,10,1+ YS 1̂0,11,») > (92) 

~ ~ 1 / 2 1 
Cäz = A14 C^M + 2 T T T~ (^13.« — 5 ^1,12.» ji i k/. Ii 

~~ 5 3̂,10,1 + fs 1̂0,12,»') 5 (93) 

> , V2 v ^ & 

' ( Z i W - * Z W o . i ) • (94) 

The slip coefficients £;>m , sijXM, tjz, £xjx vanish 
since there is no i-particle flux through the surface, 
i .e. uix-qasy>x{0) =0. 

The expression Zj^j is proportional to the ar-coor-
dinate <Pjtti of the ()fc-flux of the reflected i-particles, 
if the perturbation gi of the incident distribution 
(63) is proportional to Qj. All the in the equa-
tions (65) to (94) vanish, if the surface is isotropic, 
i. e., if the scattering kernel Pi is invariant under 
rotations about the :r-axis. But already invariance of 
Pi with respect to rotations through 180° about the 
x-axis is sufficient for the vanishing of almost all 
Zjjej in these equations, with the only exception of 
the four terms Z23 ,̂ £2,12,1' > £35,1 > a nd £5,12.« • These 
four terms cause non-vanishing slip coefficients CjZ 
and , and a change of the slip velocity <7asy(0) 
due to the z-component of the temperature gradient 
V âsy (**) (together with the mass flow in y-direc-
tion). The change of the thermal creep velocity oc-
curs also in the special case of a simple gas. Z23,i 
vanishes if Pi is invariant under rotations through 
90° about the ar-axis. 

The four most important slip coefficients can be 
written in the following form. 

4 kX 2 A «44,i 

, f 2 ^ i [ 2 — «4,10,1 — i (2 — Ctl4,i) 1 1 

2 ^i(2 —«14,») 

I M 1 -
2 h «44.» 

14, » 
(96) 

+ X? 
25 n 2 M 2 - «14 

X 
l u v 3 - * ? - * ) « » 

+ 1 0 ( 3 - f 5i) a w o . i - (24 - ^ n ) a10>10,i ) 

Modified thermal creep coefficient. 

(7 05,11,1 5 «25,») ? = _L_ y ^ 
2 [X i 5 k /ijo 

+ m i / i ( 6 a 2 , n > f - 5 a22,i) 
2 M k ( 2 - « 2 5 , f c ) 
k 

2 mkha22,k 
(97) 

Modified diffusion-slip coefficient. 

1 f. —y 
2/* f Mi «25,t 

+ milia22i -
2 Mk (2 - a25,fc) " 
k 

2 mk Ik a22,k 

(98) 

Da. 

For the special case of a simple gas the expressions 
(95), (96) turn to those given by Kline and 
Kuscer 10'17, as directly can be seen. 

The velocity slip coefficient £ mainly depend on 
the Knudsen accommodation coefficients a22,» of 
tangential momentum, the modified temperature-
slip coefficient Cxx mainly on the a.c.s o^ j of 
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energy. These a.c.s, and the radiometric a.c.s a14ti 

have been measured under free molecular flow con-
ditions by several authors, as is discussed in 17. 
Also ideas for measuring the a.c.s. a n j of normal 
momentum, and the higher order a.c.s a25j, a4tl0j, 
a 1 1 0 j j , and oto.iu c a n be given, suggested by their 
definitions1 ' . Methods of measurement can also be 
constructed for all those fluxes Zj/cj with j ^ 4 or 
k ^ 4 (or j and k not greater than four ) . 

The higher order a.c.s a55;!-, a 1 ( U 0 > i , a 5 > i u , and 
the higher order fluxes Z-]k>i with / > 4 and A; > 4 
can be evaluated only indirectly. Under free molec-
ular flow conditions all these coefficients can be 
gained measuring the gas-surface scattering kernel 
P , ( c ' - > c ) in molecular beam experiments, and 
calculating the corresponding moments of P,. Less 
expensive is the introduction of models for Pj hav-
ing the general physical properties [non-negativity, 
normalization (11) and reciprocity ( 1 2 ) ] and con-
taining parameters that are intended for fitting ex-
perimental data 20. 

But the results obtained in such a way cannot be 
used in all cases for the slip flow regime since the 
state of the surface, especially adsorption, depends 
on gas density. During the re-entry of a space 
vehicle, however, there exist slip flow conditions 
within the pressure region of 1 0 ~ 4 m m H g < p 
< 1 0 ~ 2 m m H g 2 1 . Furtheron, investigations carried 
out recently by Seidl and Scherber 22 seem to indi-
cate that the adsorption state for some technical 
surfaces does not change within the above men-
tioned pressure region. Therefore, the values of the 
Knudsen a.c.s measured in this pressure region, and 
the results of molecular beam experiments (per-

So, for a binary gas mixture the Eqs. ( 6 7 ) , (68 ) 
turn to 

Cl̂ M = rni h (^22,1 - «22,2 j / — 1 ) D n , 

r q™ f 
= — s I j / M 5 

f?2 0 

ClzM = - J ^ m i h (^23,1 - ^23,2 j / ™ 1 j D n , 

~ « 1 0 

42sM = - t>lzM . 
Q20 

The Eqs. ( 81 ) , (98) are for that case 

SI y = 2 u Ml «25,1 
<?10 
'20 

+ mi Ii I a22,i — a-22,2 m ] \ & 
2 Mk (2 - a25,fc)" 

m2) 2 mk Ik « 2 2 , Ä 
k 

^2y = — (f?loA?2o) Cly , 

and the Eqs. ( 82 ) , ( 89 ) and (90) 

7 2 (,, 7 210 7 <51?= , / / ' l z 35, l— ft2 ̂ 35,2 yjiju \ oo0 

/ f \ V™ 2 Mk (2 - «25,k) 

2 2 n̂ k Ik «22,A; 
k 

Dn, 

C22 = — (Qio/Q2O) tl2 , 

formed at 10 5 m m H g < < 10 4 mm Hg) can 
be used for the calculation of the coefficients (79) 
to (94) for the slip flow phase of the re-entry 
process. 

X . Binary Gas-Mixture 

In a binary gas mixture only one independent 
diffusion coefficient Dn appears. Therefore, in the 
case of a binary gas-mixture some of the expressions 
in Sect. IX take a special form, because of 

0 1 2 = - —Dn = Dn, 

- ] /m2 y ( f ^2,10,2-^12,2) J D n , 
£ 2 0 / 

4/2y = — (f?loA?2o) Ctty , 

V m 2 - y ( f ^ 3 , 1 0 , 2 - ^ 1 3 , 2 ) J Dn , 
£ 2 0 L 1 

D,, 

920 

gio 
£?20 

Dn 

Ca2z= - (Q10/Q20) Cm • 
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